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Loebl-Muhly $[11]_{\text{ }}$ - [9] von Neumann flow
subdiagonal
subdiagonal




$\mathcal{H}$ von Neumann $\Phi$ $\mathcal{M}$ von Neumann
$\mathfrak{D}$ faithful normal expectation $\mathfrak{U}$ $A4$
$\mathfrak{U}$ $\Phi$ $\mathcal{M}$ subdiagonal (1) $\sim(3)$
(1) $\mathfrak{U}\cap \mathfrak{U}^{*}=\mathfrak{D}_{\text{ }}$ ( $\mathfrak{U}$ diagonal )
(2) $\Phi$ $\mathfrak{U}$
(3) $\mathfrak{U}+\mathfrak{U}^{*}$ $\mathcal{M}$ \mbox{\boldmath $\sigma$}-
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$\mathfrak{U}$ maximal subdiagonal $\mathcal{M}$ $\Phi$ subdiagonal
[1] subdiagonal $\mathfrak{U}$ \mbox{\boldmath $\sigma$}- $\mathfrak{U}$ \mbox{\boldmath $\sigma$}-
$\Phi$ subdiagonal subdiagonal \mbox{\boldmath $\sigma$}-
nest triangular form Ringrose [14]
Nest Davidson
Nest algebras [$2|$
subdiagonal – $\mathrm{m}\mathrm{a}\mathrm{x}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}\text{ }$
$\sigma$- subdiagonal subdiagonal maximal ?
2 subdiagonal maximal
subdiagonal (cf., Exel [3])
3 von Neumann maximal subdiagonal
maximality 4













$\Phi$ expectation $\mathfrak{U}$ $\Phi$ $\mathcal{M}$
subdiagonal
2At $L^{\infty}(\mathbb{T})$ ( $\mathbb{T}$ ) $\mathfrak{U}$ $H^{\infty}(\mathbb{T})$ $\Phi$
$\Phi(f)=\frac{1}{2\pi}\int_{0}^{2\pi}f(e)i\theta d\theta$
$\mathfrak{U}$ $\Phi$ $\mathcal{M}$ subdiagonal
3 (Loebl-Muhly [11], - [9], etc) $\mathcal{M}$ von Neumann $\{\alpha_{t}\}_{t\in \mathbb{R}}$ $\mathcal{M}$
flow $\sigma$- – $X\in \mathcal{M},$ $f\in L^{1}(\mathbb{R})$
$\alpha(f)X=\int_{-\infty}^{\infty}f(t)\alpha_{t}(x)dt$
$Z(f)=\{t\in \mathbb{R}|\hat{f}(t)=0\}$ ( $\hat{f}(t)=\int_{-\infty}^{\infty}e^{-itS}f(S)d_{S}$ )
Arveson
$Sp_{\alpha}(X)=\cap\{Z(f)|f\in L^{1}(\mathbb{R}), \alpha(f)X=0\}$
$H^{\infty}(\alpha)=\{x\in \mathcal{M} : s_{p_{\alpha}}(x)\subseteq[0, \infty)\}$
$H^{\infty}(\alpha)$ $\mathcal{M}$ $\sigma$ - di-
agonal $D$ $\mathcal{M}$ $\{\alpha_{t}\}_{t\in \mathbb{R}}$ $\mathcal{M}$ $\alpha$-finite




4( $\mathrm{M}\mathrm{c}\mathrm{A}_{\mathrm{S}}\mathrm{e}\mathrm{y}$-Muhly- [12]) $\mathcal{H}$ von Neumann $\alpha$
$*-$ $X\in$
$(\pi_{\alpha}(x)\xi)(n)=\alpha^{-n}(X)\xi(n)$ , $(S\xi)(n)=\xi(n-1)$ , $\xi\in\ell^{2}(\mathbb{Z}, \mathcal{H}),$ $n\in \mathbb{Z}$
2 $(\mathbb{Z}, \mathcal{H})$ $\pi_{\alpha}(\mathfrak{D})=\{\pi_{\alpha}(x)|x\in \mathfrak{D}\}$ $\pi_{\alpha}(\mathfrak{D})$
$S$ von Neumann $\alpha$ $\mathfrak{D}\lambda_{\alpha}\mathbb{Z}$
$\mathfrak{D}\lambda_{\alpha}\mathbb{Z}$ $\sigma$- $\overline{alg\{\pi_{\alpha}(\mathfrak{D}),s\}}\sigma-w$ $\lambda_{\alpha}\mathbb{Z}_{+}$
$\{\beta_{t}\}_{t\in \mathbb{R}}$ $\{\alpha^{n}\}n\in \mathrm{N}$ $(V_{t}\xi)(n)=e^{2it}\xi\pi n(n),$ $(\xi\in\ell^{2}(\mathbb{Z}, \mathcal{H}))$
$\beta_{t}(X)=VtxV_{t}^{*},$ $(X\in \mathfrak{D}\lambda_{\alpha}\mathbb{Z})$
$\epsilon(X)=\int_{0}^{1}\beta_{t}(x)dt$ , $X\in \mathfrak{D}\lambda_{\alpha}\mathbb{Z}$
$\mathrm{x}_{\alpha}\mathbb{Z}$ $\{\beta_{t}\}_{t\in \mathbb{R}}$- faithful normal expectation
$\mathfrak{D}x_{\alpha}\mathbb{Z}+$
$\mathfrak{D}$ diagonal $\mathfrak{D}x_{\alpha}\mathbb{Z}$ $\epsilon$ subdiagonal
subdiagonal maximality maximality
Arveson
21 (Arveson [1]) $\mathfrak{U}$ $\Phi$ subdiagonal $\mathfrak{U}_{0}=\{X\in \mathfrak{U}:\Phi(X)=0\}$
$\mathfrak{U}_{m}=\{X\in M : \Phi(\mathfrak{U}X\mathfrak{U}_{0)\Phi}=(\mathfrak{U}X\mathfrak{U})=0\}$ $\mathfrak{U}_{m}$ $\mathfrak{U}$
$\Phi$ $\mathcal{M}$ maximal subdiagonal





Conjecture 1 (Arveson) (\mbox{\boldmath $\sigma$}- ) subdiagonal maximal ?
conjecture $\mathfrak{U}$ $\Phi$ $\mathcal{M}$ subdiagonal
[8] antisymmetric finite subdiagonal $\mathfrak{U}$ maximal
antisymmetric diagonal $-$
finite subdiagonal $\tau 0\Phi=\tau$ faithful normal finite $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}\tau$
Exel [$3|$ finite subdiagonal $\mathfrak{U}$ maximal
von Neumann
3 Subdiagonal $\sigma_{t}^{\phi}$-invariance
finite subdiagonal $\mathcal{M}$ finite von Neumann
faithful normal finite trace
\mbox{\boldmath $\phi$}o $\Phi=\emptyset$ faithful normal state
$\phi$ - $\phi$ $\mathcal{M}$
$\{\sigma_{t}^{\phi}\}_{t\mathbb{R}}\in$
$\phi$ faithful normal finite trace $\phi$ $\{\sigma_{t}^{\phi}\}_{t\mathbb{R}}\in$
subdiagonal
3.1 $\mathcal{M}$ von Neumann $\{\sigma_{t}^{\phi}\}_{t\in \mathbb{R}}$ \mbox{\boldmath $\phi$} $\mathcal{M}$
maximal subdiagonal $\mathfrak{U}$ $\{\sigma_{t}^{\phi}\}_{t\mathbb{R}}\in$ -invariant $\sigma_{t}^{\phi}(\mathfrak{U})=$
$\mathfrak{U}(\forall t\in \mathbb{R})$
GNS $\mathcal{M}$ cyclic, separating vector $\xi 0$
$\mathcal{H}_{1}=[\mathfrak{U}_{0}\xi 0],$ $\mathcal{H}_{2}=[\mathfrak{D}\xi_{0}],$ $\mathcal{H}_{3}=[\mathfrak{U}_{0}^{*}\xi_{0}]$
$\mathcal{H}=\mathcal{H}_{1}\oplus \mathcal{H}_{2}\oplus \mathcal{H}3$ , $D\mathcal{H}_{i}\subset \mathcal{H}_{i}(i=1,2,3)$











$\mathcal{M}$ $\mathfrak{U}_{0}+\mathfrak{U}_{0}^{*}$ $Ker(\Phi)$ $P_{2}$ $\mathcal{H}$
$\mathcal{H}_{2}$ $P_{2}(x\xi_{0})=\Phi(x)\xi_{0},$ $(X\in \mathcal{M})$









$\mathbb{C}$ $\mathfrak{D}$ $\%\subseteq \mathbb{C}$ $\mathfrak{D}+\mathbb{C}$ $\mathfrak{U}$ $\Phi$
$\mathcal{M}$ subdiagonal $\mathfrak{U}$ maximality $\mathfrak{U}=\mathfrak{D}+\mathbb{C}$
$\mathfrak{U}_{0}=\mathbb{C}$
$\blacksquare$
$\mathcal{H}$ $S_{0}\lambda\xi=\overline{\lambda}s_{0}\xi,$ $\xi\in D(S),$ $\lambda\in \mathbb{C}$




Sl l $=\mathfrak{F}_{3}$ , S2 2 $=$ 2, S3 3 $=$ 1
$\{\mathfrak{U}_{0}\xi_{0}\}\oplus\{\mathfrak{D}\xi_{0}\}\oplus\{\mathfrak{U}_{0}^{*}\xi_{0}\}\subseteq D(S)$ $V_{0}$
$V_{0}(A+D+B^{*})\xi_{0}=(A^{*}+D^{*}+B)\xi_{0}$ , $A,$ $B\in \mathfrak{U}_{0}$ , $D\in \mathfrak{D}$ .
$S_{0}$ $V_{0}$ $S$ 5 $V$ $S$
$G(S)$ $\{X\xi_{0}\oplus X^{*}\xi_{0} : X\in \mathcal{M}\}$ $\mathfrak{U}0+\mathfrak{D}+\mathfrak{U}_{0}^{*}$ $\mathcal{M}$ $\sigma$-
$S=V$
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$P_{i}\zeta\oplus SP_{i}\zeta\in G(S)(\mathrm{i}=1,2,3)$ $P_{i}D(S)\subset D(S)(\mathrm{i}=1,2,3)$
$=P_{i}D(S)$ $SS_{1}=S_{3},$ $s_{\mathfrak{F}_{2}=}s_{2},$ $SS_{3}=s_{1}$
$\blacksquare$








$\sigma_{t}^{\phi}(x)=\triangle itx\triangle$-it $(X\in \mathcal{M}, t\in \mathbb{R})$





$\mathcal{M}^{\phi}=\{A\in \mathcal{M}|\phi(AB)=\phi(BA), \forall B\in \mathcal{M}\}$
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$\phi$
$\mathcal{M}^{\phi}$ faithful normal finite trace $\mathcal{M}^{\phi}$ finite von
Neumann $\mathcal{M}$ $\mathrm{A}4^{\phi}$ faithful normal expectation $\mathcal{E}$
34 $\mathcal{E}(\mathfrak{U})$ $\mathcal{M}^{\phi}$ $\phi|_{\mathcal{M}^{\phi}}$ finite maximal subdiagonal
$X\in \mathcal{M}$ [10] Theorem 12 $\mathcal{E}(X)$ $\{\sigma_{t}^{\phi}(X)|t\in \mathbb{R}\}$




[7] Proposition 9.2.14 $\phi|_{\mathcal{M}^{\phi}}$ $\mathcal{M}^{\phi}$ faithful normal finite
trace $\mathcal{E}(\mathfrak{U})$ $\mathcal{M}^{\phi}$ finite subdiagonal [3] Theorem 7
$\mathcal{E}(\mathfrak{U})$
$\mathcal{M}^{\phi}$ finite maximal subdiagonal
$\blacksquare$
2 maximal subdiagonal $\{\sigma_{t}^{\phi}\}_{t\mathbb{R}}\in$
1 $\{\sigma_{t}^{\phi}\}_{t\mathbb{R}}\in$ subdiagonal ?




3.1 – $B(\mathcal{H})$ subdiagonal nest
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$N$ nest $N$ $\mathcal{H}$
,$V$ $N$ $N_{-}=\{9n\in N|\mathfrak{M}\neq\subset N\}$ nest $N$
atomic $\mathcal{H}=\vee\{K\ominus N-|I\mathrm{t}^{\nearrow}\in N\}$ nest $\Lambda^{(}$
nest $\mathrm{a}N$
$\mathrm{a}N=\{\tau\in \mathfrak{B}(\mathcal{H})|TN\subset N(\forall N\in\Lambda^{r})\}$
$\mathfrak{D}=\mathrm{a}N\cap(\mathrm{a}N)^{*}$ nest $\mathrm{a}\Lambda’$ diagonal nest
$N$ atomic
41[2, Theorem 86] $\mathrm{a}\Lambda’$ nest diagonal $N$
atomic nest $B(\mathcal{H})$ faithful normal expectation $\Phi$
$\mathrm{a}N$ $\Phi$ $B(\mathcal{H})$ subdiagonal atomic
nest nest subdiagonal
4.2 $\mathfrak{U}$ $\Phi$ $B(\mathcal{H})$ $\sigma$ - subdiagonal atomic nest
$N$ $\mathfrak{U}=algN$
$\circ$
$\mathfrak{U}$ $B(H)$ faithful normal expec-
tation $\Phi$ subdiagonal $\mathcal{H}$ $\phi\circ\Phi=\emptyset$
$B(\mathcal{H})$ faithful normal state $\phi$ $\rho$ $\mathcal{B}(\mathcal{H})$ canonical trace
[7] Lemma 9.2.19 positive contraction $IC\in B(\mathcal{H})$
$I-K$:trace-class operator
$\rho((I-K)A)=\emptyset(KA)=\phi(AK)$ $(A\in B(\mathcal{H}))$ .
$I1^{\Gamma}$ $I-K$ $F=K^{-1}(I-K)$ [7]
Lemma 9.2.20 $\mathcal{B}(\mathcal{H})$ $\phi$ $\{\sigma_{t}^{\phi}\}_{t\mathbb{R}}\in$
$\sigma_{t}(\emptyset X)=F^{it}xF$ it $(X\in g(\mathcal{H}), t\in \mathbb{R})$ .
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$B(\mathcal{H})^{\phi}$ $\mathcal{B}(\mathcal{H})$ $\phi$ centralizer [11] Theorem 423 $\mathcal{B}(\mathcal{H})^{\phi}$
$\{F\}$ $I-K$ trace-class \supset
$I-K= \sum_{n=1}\infty\oplus\lambda_{n}P_{n}$
$\{\lambda_{n}\}_{n=1}^{\infty}$ $I-K$ $\lambda_{n}$ $I-K$
$F=K^{-1}(I-K)= \sum_{n=1}^{\infty}\oplus\lambda_{n}(1-\lambda n)^{-1}P_{n}$ $B(\mathcal{H})^{\phi}$
$\mathcal{B}(\mathcal{H})^{\phi}=\sum_{n}\infty\oplus=1\mathcal{M}k_{n}$ .
$k_{n}=\dim P_{n}\mathcal{H}$ $M_{k_{n}}$ $P_{n}\mathcal{H}$ $k_{n}\cross k_{n}$ 3
$\mathcal{B}(\mathcal{H})$ $B(\mathcal{H})^{\phi}$ faithful normal expectation $\mathcal{E}$
4.3 $\mathfrak{D}$ 1 $\{Q_{n}\}_{n\in \mathrm{N}}$
$Q_{i}Q_{j}=0(\forall i\neq j)$ , $\sum_{n=1}^{\infty}Q_{n}=I$
$\mathfrak{U}_{m}$ 2.1 $\mathfrak{U}$ $\mathcal{M}$ maximal subdiagonal $P_{n}$
$P_{n}\in \mathcal{E}(\mathfrak{D})\subset$ 3.4
$\mathcal{E}(\mathfrak{U}_{m})$ diagonal $\mathcal{E}(\mathfrak{D})$ $\mathcal{B}(\mathcal{H})^{\phi}$ finite maximal subdiagonal
$\mathcal{H}=P_{n}\mathcal{H}\oplus P_{n}^{\perp}\mathcal{H}$ $X=2P_{n}\oplus(I-P_{n})$ [1] Theorem 44.1
$U\in B(\mathcal{H})^{\phi}$ $A\in \mathcal{E}(\mathfrak{U}_{m})\mathrm{n}\mathcal{E}(\mathfrak{U}m)-1$
$X=UA$ $P_{n}$ $B(\mathcal{H})^{\phi}\cap(\mathcal{B}(\mathcal{H})\emptyset)$ ’ , $\mathcal{H}=P_{n}\mathcal{H}\oplus P_{n}^{\perp_{\mathcal{H}}}$
$U=U_{1}\oplus U_{2},$ $A=A_{1}\oplus A_{2}$ $A_{1}=2U_{1}^{*},$ $A_{2}=$
$U_{2}^{*}$ $\sigma(A)=2\sigma(U_{1}^{*})\cup\sigma(U_{2}^{*})$ $\mathrm{p}_{\circ}1\mathrm{y}\mathrm{n}\circ \mathrm{m}\mathrm{i}\mathrm{a}\mathrm{l}$ approximation theorem
(cf., [15, Theorem 13.7]) $P_{n}\in \mathcal{E}(\mathfrak{U}_{m})$ $P_{n}\in \mathcal{E}(\mathfrak{D})$ 34
$P_{n}\in$ $P_{n}\mathcal{E}(\mathfrak{U}_{m})P_{n}$ $\mathcal{M}_{k_{n}}$ subdiagonal [5]




4.3 $\mathfrak{D}’$ atomic [1] Theorem 62.1, 6.2.2 $B(\mathcal{H})$
canonical $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}\rho$ $\rho\circ\Phi=\rho$ 4.3 1
$e\otimes e\in$ $\{\mathfrak{U}_{0}e\}\neq\{0\}$ $e\otimes e(x)=(x, e)e,$ $\forall x\in \mathcal{H}$
$=[\mathfrak{U}_{0}e]$ U- $T\in \mathfrak{U}_{0}$
$(Te, e)=\rho(T(e\otimes e))=\rho 0\Phi(\tau(e\otimes e))=0$
$\blacksquare$
42 44 Zorn $\mathcal{H}$ $\mathfrak{U}$- maximal
nest $N$ $N\subset \mathfrak{D}’$ J atomic nest $N$ atomic
{E\mbox{\boldmath $\lambda$}}\mbox{\boldmath $\lambda$} $N$ atom $N$ maximality 4.4
$E_{\lambda}B(\mathcal{H})E_{\lambda}\subset$ $N’=$
$\Phi(T)=\sum E\lambda T\lambda\in\Lambda E_{\lambda}$
, $\forall T\in\beta(\mathcal{H})$
$\mathfrak{U}\subset \mathrm{a}N$
$T\in \mathrm{a}N$ $A_{\alpha},$ $B_{\alpha}\in \mathfrak{U}$ $A_{\alpha}+B_{\alpha}^{*}arrow T$ (\mbox{\boldmath $\sigma$}- )
$\lambda,$ $\mu\in\Lambda$
.
$P_{\lambda},$ $P_{\mu}\in N$ $E_{\lambda}=P_{\lambda}\ominus P_{\lambda-}$ , $E_{\mu}=P_{\mu}\ominus P_{\mu-}$
$\lambda<\mu\Leftrightarrow P_{\lambda}<P_{\mu}$
$\lambda>\mu$ $T\in \mathrm{a}N$ $E_{\lambda}TE_{\mu}=0$
$\lambda=\mu$ $E_{\lambda}(A_{\alpha}+B_{\alpha}^{*})E_{\lambda}\in$
$E_{\lambda}TE_{\lambda}\in \mathfrak{D}\subset \mathfrak{U}$ $\lambda<\mu$
$E_{\lambda}B_{\alpha}^{*}E_{\mu}=0$ $E_{\lambda}TE_{\mu}\in \mathfrak{U}$





$B(\mathcal{H})$ diagonal subdiagonal $\mathfrak{U}$
4.2 $\mathfrak{U}$ atomic nest $N$ nest nest $N$
$N=\{0, \mathcal{H}\}$
45 $\mathfrak{D}$ $\mathcal{B}(\mathcal{H})$ $B(\mathcal{H})$ $D$ faithful normal expectation
$\mathfrak{D}$ diagonal subdiagonal $\mathcal{B}(\mathcal{H})$
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